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(Sechiko Takahashi)
$m+1$ $\gamma 0,$ $\cdots$ , 7m
$D$ $D$ $k$
$z_{1}$ , $z_{2}$ , $-\cdot\cdot,$ $z_{k}$ $z_{i}(i=1, \cdots , k)$
$n_{i}$ ($s=0,$ $\cdots$ , ni–l) z’ Taylor
$n_{i}$ $9s$ $D$ $|f|\leq 1$ $f$
– extended
interpolation $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}-$
Pick ($n_{i}=1$ ) Abrahamse
1979 (Abrahamse [1])
$($Takahashi $[17])_{\circ}n=n_{1}+\cdots+n_{k}$





$z^{*}\in D$ D $= \bigcup_{i=}^{m_{0}}\gamma_{i}$
D $u$ Dirichlet u-(D ) 2*
$\overline{u}(z_{*})=\int_{\partial D}ud\omega$ .
$T^{m}:=\{(\alpha_{1}, \cdots, \alpha_{m}) : |\alpha_{i}|=1(i=1, \cdots, m)\}$ $\mathrm{m}$ torus $D$ $\gamma_{i}$
\mbox{\boldmath $\gamma$} $m$ analytic cuts $\delta_{i}(i=1, \cdots, m)$
$Do=D \backslash (\bigcup_{i=1}^{m}\delta i)$ $\alpha=(\alpha_{1}, \cdots, \alpha_{m})\in T^{m}$
D f $D_{0}$ $t\in\delta_{i}\cap D$ $\delta_{i}$
$zarrow t$ $f(z)arrow\alpha_{i}f(t)_{\text{ }}\delta_{i}$ $zarrow t$ $f(z)arrow f(t)$ $f$
$H_{\alpha}(D)$
$H_{\alpha}^{2}:=$ { $f$ : $f\in H_{\alpha}(D),$ $|f|^{2}$ D }
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$H_{\alpha}^{\infty}:=$ { $f:f\in H_{\alpha}(D),$ $|f|$ D }
$\alpha=(1, \cdots, 1)$ $H_{\alpha}^{2}$ Hardy $H^{2}$ $H^{2}$
$H_{\alpha}^{2}$ (Rudin [12], Widom [19])
’ :
$f\in H_{\alpha}^{2}$ non-tangential limits $f^{*}(t)(\mathrm{a} .\mathrm{e}. t\in\partial D)$ $f^{*}\in L^{2}=$
$L^{2}$ ( $\partial D$ , ) $f$ $f^{*}$ – $H_{\alpha}^{2}$
$\langle f, g\rangle=\int_{\partial D}f^{*}\mathit{9}^{\overline{*}\omega}$
$(f_{\mathit{9}^{\in H_{\alpha}^{2}}},)$ .
Hilbert $p\in D$ $f\ovalbox{\tt\small REJECT}arrow f(P)$ $H_{\alpha}^{2}$
Riesz $H_{\alpha}^{2}$ $k_{\alpha}(z, \zeta)$ $k_{\alpha}(z, \zeta)$
$(z,\overline{\zeta})$
Do $\cross$ Do
$k_{\alpha}()\zeta)\in H_{\alpha}^{2}$ $(\zeta\in D)$ , $f(\zeta)=\langle f, k_{\alpha}(, \zeta)\rangle$ $(\forall f\in H_{\alpha}^{2}, \zeta\in D)$ ,
$k_{\alpha}(_{\mathcal{Z}}, \zeta)=\langle k_{\alpha}(, \zeta), k_{\alpha}(, z)\rangle=\overline{k_{\alpha}(\zeta,z)}$ $((z, \zeta)\in D\cross D)$ .
$z_{1},$ $z_{2},$ $\cdots,$ $z_{k}$
$D$ $k$ $z_{i}$ $n_{i}$ ci$0,$ $\cdots 7$
$c_{ini^{-1}}$ , $(*)$
$(*)$
$f(z)=ni^{-} \sum Cis(_{\mathcal{Z}}-\mathcal{Z}i)^{s}+O((Z-z_{i})n_{i})1$ $(i=1, \cdots, k)$ .
$s=0$
$\alpha\in T^{m}$ $k_{\alpha}(z, \zeta)$ , $z_{j}$ )
$k_{\alpha}(z, \zeta)=\sum\infty a_{\text{ }^{}(\alpha)}t(_{\mathcal{Z}}-\mathcal{Z}_{i})^{\text{ }}\overline{(\zeta-\mathcal{Z}j)}^{t}$
$\text{ }.t=0$
$a_{st}$
$(0\leq s\leq n_{i}-l, 0\leq t\leq n_{j}-1)$ $c_{i\text{ }}(0\leq s\leq n_{i}-l)$
$\Gamma_{ij}^{(\alpha)}=$ , $C_{i}=$ ,
$\Gamma_{\alpha}=$ , $C=$ ,
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$A_{\alpha}=\Gamma_{\alpha}-C\cdot\Gamma_{\alpha}\cdot C^{*}$ $(C^{*}’=^{t}\overline{C})$ .
1 (a)
:
$(*)$ D $|f|\leq 1$ $f$
$\alpha\in T^{m}$ $A_{\alpha}\geq 0$
(b) – $\alpha\in T^{m}$ $\det A_{\alpha}=0$
(Abrahamse [1]) Takah$hi [17] $)$
$\mathrm{m}=0$ $D$
1 $k(z, \zeta)$ $z^{*}=0$ $k(z, \zeta)=$
$1/(1-z\overline{\zeta})$
2 Abrahamse [1]
$\alpha=(1, \cdots, 1)$ $k_{\alpha}(z, \zeta)$ $k(z, \zeta)$ Szeg6
, $k(z_{1,\mathit{2}}\mathcal{Z})=0$ $z_{1}$ , z2\in D (Bergman [3]) $z_{1},$ $z_{\mathit{2}}$
$w_{1},$ $w_{\mathit{2}}$
$k(z_{1}, z_{1})>0,$ $k(z_{2}, z_{2})>0$ $|w_{1}|\leq 1,$ $|w_{\mathit{2}}|\leq 1$
$f(z_{1})=w1,$ $f(z2)=w_{\mathit{2}},$ $|f|\leq 1$
$D$ f ( $w_{1}=0,$ $w_{\mathit{2}}=1$
) Szeg6
$\Lambda_{0}\subset\Lambda=T^{m}$ 1
?The author conjectures that density of $\Lambda_{0}$ in A is needed; if $\Lambda_{0}$ onfits a
non-empty open subset of $\Lambda$ , then theorem fails. $-\text{ _{}0}$
$n=2$ conjecture Ao –
3 D
$\mathcal{B}:=$ { $f$ : D $|f|\leq 1$ }, $B_{\alpha}:=\{f : f\in H_{\alpha}^{\infty}, |f|\leq 1\}$ $(\alpha\in T^{m})$






D $\{z_{1}, \cdots, z_{r}\}$ $r$ Blaschke product o $B$ $\{z_{i}\}_{i}^{\Gamma}=1$
$|B|$ – Do –
$\mathcal{B}_{\alpha}(\alpha\in T^{m})$ $B$ $\alpha$ $B$ $B_{\alpha}$
– $|\lambda|=1$ $\lambda\in \mathbb{C}$ $\lambda B$
Blaschke product
p\in D $\alpha\in T^{m}$
$m(p, \alpha)$ $:= \sup\{|f(p)| : f\in B\alpha\}$
$\alpha_{0}=(1, \cdots, 1)$ $p\in D$ $m(p, \alpha_{0})=1$
$p\in D$ $\alpha\in T^{m}$ $0\leq m(p, \alpha)\leq 1$ $\circ$
2 $p\in D$ $\alpha\in T^{m}$ $\mathcal{B}_{\alpha}^{\mathit{2}}$ $F(p)=m(P, \alpha)$
F – $m$ Blaschke product
$z_{1},$ $\cdots,$ $z_{r}(r\leq m)$
$m(p, \alpha)=\exp[-\sum_{i=1}^{r}g(z_{i}; p)]$
(Widom [19], [20], cf. Fisher [4])
4 $z_{0}\in D$ Blaschke product $B(.’ z_{0})$ $B(, z_{0})$
$\alpha(z_{0})$ $f\in B$ $(f-f(z_{0}))/(1-\overline{f(\mathcal{Z}0)}f)\in\beta$
$g\in \mathcal{B}_{\alpha()}-1z_{0}$
$\frac{f-f(_{\mathcal{Z}_{0}})}{1-\overline{f(\mathcal{Z}0)}f}=B(, z_{0})g$
3 $|g(z)|\leq m(z, \alpha(z_{0})^{-1})(\forall z\in D)$






$D$ 2 $z_{1},$ $z_{\mathit{2}}$ $f\in B$ (1)
(2) $| \frac{f(z_{1})-f(z_{\mathit{2}})}{1-\overline{f(_{\mathcal{Z}_{\mathit{2}})f}}(z_{1})}|\leq\exp[-g(z_{1;\mathcal{Z}_{2})}]m(_{Z}1, \alpha(\mathcal{Z}_{\mathit{2}})-1)$ ,
$z_{1}$ $z_{\mathit{2}}$




$F_{1}:=B(, z_{1})B_{1}$ , .$\cdot$ $B_{1}\in\beta_{\alpha(z_{1}}$ ) $-1$ $\mathrm{s}.\mathrm{t}$ . $B_{1}(z_{\mathit{2}})=m(z_{\mathit{2}}, \alpha(_{\mathcal{Z}_{1}})-1)$ .
2 $B_{1}$ $m$ Blaschke product $F_{1}\in B$
$m$ Bl$chke product $F_{1}$ $m+1$ Blaschke product
$F_{1}(\mathcal{Z}_{1})=0$ , $F_{1}(z_{2})=B(\mathcal{Z}_{\mathit{2}}, \mathcal{Z}_{1})m(_{\mathcal{Z}_{2}}, \alpha(\mathcal{Z}_{1})-1)$
(2) $z_{1}\neq z_{\mathit{2}}$
$m(_{\mathcal{Z}_{2}\alpha},(_{\mathcal{Z}_{1}})-1)\leq m(z_{1}, \alpha(\mathcal{Z}_{\mathit{2}})-1)$
$F_{2}:=B(, \mathcal{Z}_{\mathit{2}})B_{2}$ , $B_{2}\in \mathcal{B}_{\alpha(z_{2}}$ ) $-1$ , $\mathrm{s}.\mathrm{t}$ . $B_{\mathit{2}}(\mathcal{Z}_{1})=m(z1, \alpha(\mathcal{Z}_{2})^{-1})$
$F_{2}(\mathcal{Z}_{2})=0$ , ‘ $F_{\mathit{2}}(z_{1})=B(\mathcal{Z}_{1}, \mathcal{Z}2)m(_{\mathcal{Z}_{1}}, \alpha(\mathcal{Z}_{2})-1)$ ,




$z_{1}\neq z_{2}$ $D$ 2 $z_{1},$ $z_{2}$ $F(z_{1})=0$ $F\in B$
$|F(z_{2})|$ – $m+1$ Blaschke
product $\exp[-g(\mathcal{Z}_{1;z}2)]M(Z_{1} , z_{\mathit{2}})$
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5. $=2$ i) $k=2$ , $n_{1}=n_{\mathit{2}}=1$
ii) $k=1,$ $n_{1}=2$ 2
i) $D$ 2 $z_{1},$ $z_{2}$ $w_{1},$ $w_{\mathit{2}}\in \mathbb{C}$ 1
(3) $f(z_{1})=w_{1}$ , $f(z_{\mathit{2}})=w_{2}$
$f\in \mathcal{B}$
(4) $A_{\alpha}=\geq 0$ $(\forall\alpha\in T^{m})$
$w_{1}=0,$ $w_{2}=B(z\mathit{2}, \mathcal{Z}1)M(Z1, z2)$ 4 $F_{1}$
–
$\exp[-g(\mathcal{Z}1, \mathcal{Z}_{2})]M(z1, Z_{2})=^{c(}\mathcal{Z}_{1},$ $z_{2})$
$A_{\alpha}$ \alpha | $\alpha\in T^{m}$
(5)
$k_{\alpha}(z_{1,1}.z)$ $k_{\alpha}(z_{1,\mathit{2}}z)$








(7) $C(\mathcal{Z}1, Z\mathit{2})2=K(\alpha_{0}z1, \mathcal{Z}2)\leq K(\alpha z1, Z\mathit{2})$ $(\forall\alpha\in T^{m})$
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(3) (4)
$|A_{\alpha}|=(1-|w_{1}|^{\mathit{2}})(1-|w_{2}|^{\mathit{2}})k_{\alpha}(z1, \mathcal{Z}1)k_{\alpha}(z2, \mathcal{Z}2)-|1-w1\overline{w2}|\mathit{2}k_{\alpha}(z_{1}, \mathcal{Z}2)k_{\alpha}(_{\mathcal{Z}_{\mathit{2}}}, z_{1})$ .
(7) $|A_{\alpha_{\text{ }}}|\geq 0$ $|A_{\alpha}|\geq 0(\forall\alpha\in T^{m})$ $A_{\alpha_{\text{ }}}\geq 0$
$(1-|w_{1}|^{2})k_{\alpha\text{ }}(z_{1})\mathcal{Z}1)\geq 0,$ $(1-|w_{2}|^{\mathit{2}})k_{\alpha_{\text{ }}}(z_{\mathit{2}}, z_{\mathit{2}})\geq 0$, $|w_{1}|\leq 1,$ $|w_{\mathit{2}}|\leq 1$
$A_{\alpha\text{ }}\geq 0$ $\Rightarrow$ $A_{\alpha}\geq 0$ $(\forall\alpha\in\tau^{m})$






3 (4) $w_{\mathit{2}}$ $|A_{\alpha}|\geq 0$
$\Gamma_{\alpha}=\{w_{2} : |A_{\alpha}|\geq 0\}$
$\Gamma_{\alpha_{0}}\subset\Gamma_{\alpha}(\forall\alpha\in T^{m})$
$\Gamma_{\alpha_{0}}=\{f(z_{\mathit{2}}):f(z_{1})=w_{1}, f\in B\}$ .
ii) 1 $z_{1}\in D$ 2 $\{c_{0}, c_{1}\}$ 1 $z_{1}$
(8) $f(z)=c0+c_{1}(z-z_{1})+\cdots\cdots$
$f\in B$ $k_{\alpha}(z, \zeta)$ $(z_{1}, z_{1})$
$k_{\alpha}(z, \zeta)=\sum\infty a_{St}^{(\alpha)}(z-\mathcal{Z}1)^{\text{ }}\overline{(\zeta-\mathcal{Z}_{1})}^{t}$
$s.t=0$
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$F:=B(, z_{1})\overline{B}$ , $\overline{B}\in B_{\alpha(z_{1})}-1\mathrm{s}.\mathrm{t}.\overline{B}(z_{1})=m(Z_{1}, \alpha(z_{1})^{-1})=M(z_{1}, z_{1})$ .
$F(z_{1})=0,$ $F’(z1)=B’(z1, Z1)M(z1, Z1)$ $F$ Ahlfors
$c_{0}=0,$ $c_{1}=B’(z1, \mathcal{Z}1)M(\mathcal{Z}1, z1)$ $F$ –
$|B’(Z_{1}, \mathcal{Z}_{1})|M(\mathcal{Z}_{1}, \mathcal{Z}_{1})=\overline{C}(z1, \mathcal{Z}1)$ ,
$\overline{K}_{\alpha}(z_{1}, z_{1})=\frac{a_{00}^{()}a_{11}-\alpha(\alpha)(\alpha)_{a}a_{0}11(\alpha)\mathit{0}}{(a_{00}^{(\alpha)})2}$
i) $\alpha_{0}\in T^{m}$
$\overline{C}(z_{1}, \mathcal{Z}_{1})2=\overline{K}\alpha 0(\mathcal{Z}_{1}, z_{1})\leq\overline{K}_{\alpha}(z_{1}, z_{1})$ $(\forall\alpha\in\tau^{m})$ ,
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$-\overline{C}(z_{1}, \mathcal{Z}_{1})2a00(\alpha)+a_{11}^{(\alpha)}\geq 0(\forall\alpha\in T^{m})$
(10)
$|A_{\alpha}|=(a_{0\mathit{0}}^{(\alpha)})\mathit{2}[\overline{K}_{\alpha}(z_{1,1}\mathcal{Z})-|_{C_{1}}|^{\mathit{2}}]$ .
$|A_{\alpha_{\text{ }}}|.\geq.0$ $|c_{1}|^{2}.\underline{<}\overline{K}_{\alpha_{\text{ }}}$ $(z_{1}, z_{1})=\overline{C}(\mathcal{Z}1, z1)^{2}$
$A_{\alpha_{0}}\geq 0$ $\Rightarrow$ $A_{\alpha}\geq 0$ $(\forall\alpha\in\tau^{m})$
4 $D$ – $z_{1}$ 2 $\alpha_{0}\in T^{m}$
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